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Abst rac t - - In  this paper, we estimate the order of approximation by derivatives of shape-preserv- 
ing and finite-dimensional operators defined on the space of all real-valued and k-times continuously 
differentiable functions of one real variable. (~) 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
In various applications it is necessary to approximate a function preserving such properties as 
monotonicity, convexity, concavity, etc. The so-called 'shape-preserving operators' could serve 
as a tool of such an approximation. However, as this article will show, if the shape-preserving 
operator is finite dimensional, it has a negative property. Namely, the order of approximation by 
derivatives of an operator is low. 
Let X = [0, 1] and let Ck(X), k > O, be the space of real-valued and k-times continuously 
differentiable functions on X. Let D ~ be the ith differential operator and I1" II be the supnorm 
in C(X) = C°(X). Moreover, IIk is the subspace of C(X) spanned by {eo, e l , . . . ,  ek}, where 
e~(z) = x ~, i.e., 1-Ik = {eo,...,ek>. 
In the theory of approximation the well-known result of Korovkin [1] give conditions that guar- 
antee the convergence of a sequence of linear positive operators to the identity operator. However, 
the shortcoming of these operators is their slow convergence. It was shown by Korovkin [2] that 
the order of approximation by positive linear polynomial operators Lnf(x) (n 6 N, f • C(X),  
Lnf is an algebraic polynomial of degree n) cannot be better than n -2 in C(X) even for the 
functions eo, el, e2. Moreover, Videnski has shown [3] that the result of [2] does not depend on 
the properties of polynomial but rather on the limitation of dimension. 
A linear operator L , J  mapping C(X) into a linear space of finite dimension + 1 is called an 
operator of finite rank n + 1. It was shown in [3] that 
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1 1 
4(n + 1) 2 < inf (2[[Lnel - elll + I]L~e2 - e2l[) < - -  -- LnEE~ -- 4n 2' 
where £:n is the class of positive linear operators of finite rank n+l  from C(X)  into itself satisfying 
the condition Lneo : Co. 
The aim of this paper is to establish the analogue of this result for operators which preserve 
more general shape properties related to the sign of one or more of the derivatives of functions. 
We need some definitions and notations. 
Let a = {ai}i_>o be the sequence with ai • {-1 ,0 ,1},  and let h,k be two integers with 
0 < h < k and ahak ~ O. Let Ia = { i l , . . . , ip} := {h < i < k : ai ~ 0}. Denote 
Ch,k(a) = { f • ck (x )  : aiDi f >_ O, h < i < k } . 
Note that interest in conservative approximation has increased recently. In particular, Gon- 
ska [4], Knoop and Pottinger [5], and Mufioz-Delgado and CArdenas-Morales [6] presented some 
quantitative Korovkin-type stimates on shape-preserving approximation, and Mufioz-Delgado, 
Ram~rez-Gonztlez, and CArdenas-Morales gave the qualitative Korovkin-type results on conser- 
vative approximation i  [7]. 
2. THE MAIN  RESULTS 
LEMMA. Let • : Ck(X)  --* R be a linear functional that has the following property: ~( f )  >_ O, 
for every f E Ch,k(a) and let ~/ >_ 1 be a fixed real number. Let (-,-) : Ck(X)  x Ck(X)  ~ • be 
the bifunctional generated by a functional ¢ in the following way: for every f ,g  E Ck(X) ,  we 
suppose (f ,g) = ¢(p) with u • ck (z )  so that 
(a) Dku = ak Dkf  Dkg; and, 
for i <_ k - 1, 
(b) Dip(0) = 0, i f i  • I~ = { i , , . . . , ip} ;  
(c) D~u(0) = 0, if i = ij • I~ = {i1,... , ip} and <7i, = <Yi,+l; 
(d) Dip(O) = ,y f l  Di+lp(z) dz ' i f i  = ij • ira = {i1,...  ,ip} and (7i~ = -(7i~+1. 
Then 
I(f, 9){ <--[(f,f)]l/2[(g,g)]l/2, '(1) 
for every f ,g  • Ck(X) .  
PROOF. It follows from the linearity of functional • that bifunctional (-, .) has the property of 
bilinearity. It is obvious that (.,-) is permutation bifunctional, i.e., (f, g) = (g, f) ,  f, g • Ck(X).  
Moreover, (., .) is nonnegative, i.e., (f, f )  > 0, for all f • Ck(X) .  Indeed, we have (f, f)  = (I)(u), 
where p • Ck(X)  verifies Conditions (a)-(d) with g = f.  Now we will check by induction that 
aiDip >_ O, i = h , . . . ,  k, i.e., u • Ch,k(O'). We have 
(1) Dkp = ~k(Dkf)  2, i.e., akDkp >_ 0; 
(2) assume (by induction) that al+lDL+lu > O, l = i , . . . , k  - 1. Note that if i ¢ I~ (or 
i = ij • I~ = {i l , . . .  ,iv} and aij = ai~+l), then Dip(t) = fo D~+lu(z) dz + Dip(O) and 
sgn {Dip} = sgn {Di+lp}. 
If i = i j  • I~ and ai~ = -ai j+l ,  then sgn (Di+lp) =aij+~ and Dip(t) =hi ft 1 ai~+~Di+lp(z) dz + 
('y - 1)hi f :  a~j+~Di+lu(z)dz, and consequently, aiD~p > O. 
We have 
0 < (Y + cg, Y + cg) = (L f )  + 2c(L g) + c 2 (g, g), 
for every c • R, f ,g  • Ck(X) .  If we take c = _ ( f ,g ) (g ,g ) - i  then we get (1). 
If (9, g) = 0, then (f ,g) = 0 for every f E Ck(X)  and (1) holds. I 
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THEOREM. Let L~ : C~(X)  -~ C~(X) be a linear operator with finite rank n + 1, such that 
DkLnek = Dke~. Assume there exists a cone Ch,k(a) such that 
Ln(Ch,~(a)) C Ck,~(a). (~) 
Then 
k-1 1 
c~ liD%he ' _ D~e~l[ > , (3) k+2 1 i [DkLne i_Dke i [ l+~ ~ - 4(n+1)  2+1 2E . 
i=k  + l i=h  
where c~ depends only on h, k, ~. 
7~ n PROOF. Let { J}j=0 be a system generating the linear space {L~f  : f • Ck(X)}. Consider 
the matrix A = {Dkuj(z~)}i=o,...,~+l;j=o ....... where zi = i / (n  + 1), i = 0, . . .  ,n + 1. Because 
of DkLnek = Dkek, the rank of matrix A does not equal to zero, rankA ¢ 0. Take a nontrivial 
vector ~ = ~ V~+l orthogonal to all the columns of matrix A 
n+l  n+l  
E Icid = 1, ~ 5iDkuj(z~) = O, 
i=0  i=0 
j =0 , . . . ,n .  
Define p • Ck(X)  such that 
(1) Dkp(zi) = sgnh~, i = 0 , . . . ,n  + 1; 
(2) Dkp is linear on each interval [zo, z l ] , . . . ,  [Zn, zn+l]; 
(3) Dip(O) = O, i = O, 1 , . . . , k  - 1. 
Because the function DkLnp belongs to the linear space spanned by {Dkuj},  we get" L~=oV-~n+l 5iD k 
Lnp( z~ ) = O. 
Then 
n+l  n+l  n+l  
i=0 ~=0 i=0 
n+l  (4) 
<- ~ I&l [DkL,~P(Z,) - DkP(Z,)l <- IIDkL~P - DkP[[ • 
i=0  
On the other hand, we have for x • X that 
[DkLnp(x) - Dkp(x)l = DkLn (p -  Dkp(x) ~. ek) (x) . (5) 
Let vx E Ck(X)  be a function such that 
(a) Dkv~ = aklDk(p -- Dkp(x)(1/k!)ek)l,  and for i _< k - 1; 
(b) D~vx(O) = O, i f /¢  I~; 
(c) Divx(O) = O, if i = ij E I~ = { i l , . . . ,  ip} and crij = a~j+ 1; 
(d) D~v~(O) = -2  f~ Di+lv~(z)dz, i f /=  ij • I~ = {Q, . . . , ip}  and a~j = -ai j+l .  
Then v~ - (p - Dkp(x)(1/k!)ek) • Ch,k(a) and vx + (p - Dkp(x)(1/k!)ek) • Ch,k(a). It follows 
from (2) that Ln(vx - (p - Dkp(x)(1/k!)ek)) • Ck,k(a) and Ln(vx + (p - Dkp(x)(1/k!)ek)) •
Ck,k(a), and consequently, 
DkLn (p -  Dkp(x) ~. ek)  (x) <_ akDkLnvz(x) .  (6) 
Let qx E C k (X) be a function such that 
(a) Dkqx(t) = It - xl; and, 
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for i <k- l ,  
(b) D~qx(O) = O, if i ~ I~; 
(c) D~qx(O) = O, i f /=  ij E I~ = {Q, . . . , ip}  and aq = a~j+l; 
(d) Diqx(O) = -4  fo 1Di+lqx(z)dz, if i = ij • Ia = { i l , . . . , i p}  and aij = -aq÷~.  
We have akDkvx(t) = [Dk(p(t) -- Dkp(x)(1/k!)ek(t))l = IDkp(t) - Dkp(x)l <_ 2(n + 1)It - x I = 
2(n + 1)akDkq~(t), and 2(n + 1)q~ - v~ • Ch,k(a). It follows from (2) that  L~(2(n + 1)q~ - Vx) • 
Ck,k(a), and consequently, 
akDkLnvx(x) < 2(n + 1)akDkLnqx(X). (7) 
It follows from the previous lemma (with O(f )  = DkLnf(x)) that  
akDkLnqx(x ) <_ [DkL,~gz(x) ] 1/2 [DkLnr(X)] U2, (8) 
where gx • Ch,k(a) is a unique function of the subspace (eh,.. . ,  ek+2) that  verifies 
(a) Dkg~(t) = ak(t - x)2; and, 
for i_< k - l ,  
(b) D~gx(O) = 0, if i ¢ Ia; 
(c) D~gx(O) = 0, i f /=  ij • I~ = { i l , . . . , i p}  and aq = a~j+l; 
(d) Digx(O) = -4f :D~+lgx(z)dz,  if i = ij • Ia = {i l , . . . , ip} and a~ = -aq+~,  and 
r(x) • (eh, . . . ,  ek) is  a unique function that verifies 
(a) Dkr(t) = ak; and, 
for i<  k - l ,  
(b) D*r(O) = 0, if i ¢ Ia; 
(c) D*r(O) = 0, if i • I ,  = { i l , - . - , i v} ,  i = is and aq = a~+,;  
(d) Dir(O) = -4 f2  Di+lr(z) dz, if i • I~ = { i l , - . . , i p} ,  i = is and aij = -a,~+~. 
That  is, 
k-1  2 2 1 a~(x) 
g~ - (k + 2)! e~+~ (k + 1)! Xek+l q- -~. Z2ek -k E i----(--, ei, (9) 
i=h 
with ai(x) = Digx(O), i = 0 , . . . ,  k - 1, and 
k-1  
1 E b~ r=~.ek+ ~e, ,  
i=h 
with bi = D~r(O), i = O , . . . , k -  1. 
Denote ci = max{lla, ll, bi}, i = 0 , . . . ,  k - 1. 
We have 
DkLngz(x) _ 2 (k + 2)! (Dknnek+2 -- Dkek+2) (x) 
1 2 2 x (DkLnek+l -- Dkek+l) (x) + -~. x (Dkn,~ek - Dkek) (x) 
(k+ 1)! 
k-1  
+ E a~(x) (DkLne ~ _ Dke~ )--V-. " 
i=h 
It follows from (4)-(11) that  
e, iiDkZ~e,_ Dke, ji 1 1 [[DkLnei_ Dke~]] + E ~.
4(n + 1) 2 -~ 2 
i=k+l  i=h 
x 1 + ~. I lDkLne i -  Dke, , 
and (3) holds. 
(lo) 
(11) 
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COROLLARY. Let  Ln : Ca(X)  ~ Ca(X)  be a linear operator with finite rank n + 1, such that 
Da Lnek = Daea and Ln(1-Ik-1) C Ha-1. Assume there exists a cone Ch,k(a) such that 
then 
Ln(Ch,k(a)) C Ck,a(a), 
k+2 
j=k+l  
1 -ft. IlDkL,~ej- Dkejtl > 4(n + 1) 2. 
Ak,,~f(x) = 
3.  EXAMPLE 
The following example  shows that  est imat ion (3) cannot be improved. 
EXAMPLE. Let k,n C N, n > k + 1, and Ak,n : Ca(X)  --* Ca(X)  be the linear operator  defined 
by 
k~ 1 1 l (--1) k+l - /  
'=0 fi.X (Dlf(O) + (k-T-T~-l~.n k-l Dk f (o ) )  
(1) l -t (k+ 1)!n k (nx)k+lDkf  + (-1)k(1 --nx)k+lDkf(O) ' 
l=O • l (__1)k+1_ / ~I~. (X--~,) (DIAk,nf(i) -]- (~_T=l~.nk_lDkf(i)) 
1 
q (k+l )  !nk [ (nx_ i )~+lDk  f ( i~ l )  
i fx 6 , , 
Then 
(1) DkAk,nej = Dkej, j = O, 1 , . . . , k  + 1; 
(2) 2/(k + 2)! IIDkAk,nek+2 -- Dkek+211 = 1/4n2; 
(3) hk,~(C~,~(~)) c Ck,k(~). 
i = 1 ,2 , . . . ,n -  1. 
REFERENCES 
1. P.P. Korovkin, On convergence of linear positive operators in the space of continuous functions, Doklady. 
Akad. Nauk SSSR. 90, 961-964, (1953). 
2. P.P. Korovkin, On the order of approximation of functions by linear positive operators, Dokl. Akad. Nauk 
SSSR. 114 (6), 1158-1161, (1957). 
3. V.S. Vidensky, On the exact inequality for linear positive operators of finite rank, Dokl. Akad. Nauk Tadzhik. 
SSR. 24 (12), 715-717, (1981). 
4. H.H. Gonska, Quantitative Korovkin type theorems on simultaneous approximation, Math. Z. 186,419-433, 
(1984). 
5. H.-B. Knoop and P. Pottinger, Ein Satz vom Korovkin-Typ fur C k Raume, Math. Z. 148, 23-32, (1976). 
6. F.J. Mufioz-Delgado and D. Celxdenas-Morales, Almost convexity and quantitative Korovkin type results, 
Appl. Math. Lett. 11 (4), 105-108, (1998). 
7. F.J. Mufioz-Delgado, V. Ram{rez-Gonz£1ez and D. CgLrdenas-Morales, Qualitative Korovkin-type results on 
conservative approximation, J. of Approx. Theory. 94, 144-159, (1998). 
